MATH 271, HOMEWORK 8, Solutions

DUE NOVEMBER 8™

Problem 1. Let a mass m; weighing 1kg. be placed at ¥} = 2& — 39 — 2 and a mass my of

2kg. be placed at 75 = 49 — 22. Where must a mass mg of 3kg. be placed so that the center
of mass is at the origin 07

Solution 1. One can compute the center of mass EC M by

ml’l?l + mg’f"Q + m3'F'3

Row =
my + Mo + M3

Here, we know everything but #3. Since we want the center of mass at the origin 0, then

6 ML+ TT1L2 T s (ml'r_"l + mg’FQ —+ mg’l?g)
0 0 T
0 —3 +2 4 |+3]y
0 -2 z

What we have above is three equations and three unknowns. That is, one equation for the
&-component, one for the g-component, and one for the Z-component. We have

1
0:6(2—1—2'0—#3@

1
026(—3+2-4+3y)

1
0:6(—1+2-(—2)+3z).

Taking the first, we find

Next,



Lastly, we have

Thus we have that 73 = —%:T: —
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Problem 2. Which of the following are linear transformations? For those that are not,
which properties of linearity (the properties (i) and (ii) in our notes) fail? Show your work.

(a) T,: R — R given by T,(z) = 1.
(b) Ty: R® — R? given by

(c) T.: R — R3 given by

(d) Ty: R? — R3 given by
. Tty
Td ( ) = T -+ Yy
r+y
Solution 2.

(a) This transformation fails both properties. For (i), take

1 1 1
T, (x+y) = —+—=T,(z)+T,(y).
(z +y) $+y%$ y () + Tu(y)
For (ii), take
1 1
T, = — —=aoT,(x).
(az) = — # a— = aTy()

(b) This is a linear transformation. To see (i) holds, take

Uy Vg
Tb(ﬁ + ’17) = Tb Uy + Vy
Uy Uy

=Ty | uy + vy

Uy + U,



And for (ii), we take

Vg
Ty(at) =T, | a | vy
Uz

vy

=Ty, | av,

v,

Tc(ﬁ -+ '1?) = TC Uy + ’Uy
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whereas

Uy + Vg
_ 2 2
= ug—i—v%
u;y + vy

Note that u} + v} # (uy +v,)* and 3 + v # (u. + v.)°.



To see that (ii) does not hold, take

whereas

These are clearly not equal for every scalar a.

(d) This function is linear. For (i), we have

Ty(d +0) =Ty (u;p + 'Ux)

Uy + Uy
(g + V) + (uy + vy)
(Ug + V) + (uy + vy)
)

((um +vy) + (uy + vy)

Ug + Uy Vg =+ Uy
Uy T Uy | + | V2 +vy
Uy + Uy Vg + Uy

= T(&@) + T(¥).

And for (ii) we have

Uz + vy
= | av; + av,
QU + Qv

= OéTd(’l_f)



Problem 3. Write down the matrix for the following linear transformation 7: R — R3:

T rT+y+=z
Tl ly]| = 2z
z dy+z
Solution 3. We need that
T rT+yt+z
T v] = 2z
z 3y + z

via matrix multiplication. Since the input vector is a 3-dimensional vector, and the output
vector is 3-dimensional, we must have that [T] is a 3 X 3-matrix. Hence,

t11 ti2 i3
[T] = | tar too tos
t31 132 133

Then we have

t11 ti2 ti3 x t11x + toy + ti32 TH+Y+2
tor taa T3 Y| = | torx + Loy + a3z | = 2r
t31 132 133 z t31x + t30y + t332 3y+z

If we match the coefficients on the z, y, and z, we find that

[T] =

(el RN

1
0
1

w O =



Problem 4. A linear transformation 7: R® — R? is given by the matrix

[T] =

SN =

2
1
2

=N O

(a) Compute how T transforms the standard basis elements for R®. That is, find
@), T, T(2).

This gives a nice interpretation of matrix vector multiplication as linear combinations
of the column vectors that make up a matrix.

(b) If we apply this linear transformation to the unit cube (that is, all points who have
(x,y, z) coordinates with 0 <z < 1,0 <y <1, and 0 < z < 1), what will the volume
of the transformed cube be? (Hint: the determinant of this matriz [T provides us this
information.)

Solution 4.

(a) The point here is that we can understand the matrix [T'] and matrix multiplication better
by seeing how the basis vectors are transformed. So we have

2 0 1
T@)=2 1 2|0
2 1 0

O = O

which is just the first column of the matrix. Then we have

2 0 0
1 2 1
2 1 0

T(g) =

N = NN O N =

which is just the second column of the matrix. Lastly we have

2 0 0
1 2 0
2 1 1

— NN O O N

which is the last column of the matrix.



(b) The three basis vectors
1 0
g=1o|, g=1[1], z2=|o0
0 1

define the volume of the unit cube. That is, the parallelepiped generated by &, ¢, and
Z is the unit cube. Hence, if we know how these vectors are transformed, we just need

to find the volume of the paralellepiped given by the transformed vectors T'(&), T(g),
and T'(2). Now, we can collect these vectors into a matrix,

120
@) T(g) T =21 2],
02 1

which is exactly [T']! This is what we realized in part (a)! Now, the determinant of the
matrix gives us the signed volume of the parallelepiped generated by the three column
vectors, and hence

Area = |det([T])| =| -7 =T.



Problem 5. What does a zero determinant indjicate about the solutions of a non-homogeneous
system of linear equations? (Think geometrically!)



Problem 6. What does a zero determinant indicate about the solutions of a homogeneous
system of linear equations? (Think geometrically!)
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Problem 7. Solve the following equation.

— =
DN DN =
[ NI
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