
MATH 255, Homework 8

Problem 1. As of now, our “best” interpretation of quantum theory says that we can only
predict the probability of measurements and nothing more.

Let’s say that we know

ψ(x, y, z) =

√
1

π3
sin(x) sin(y) sin(z)

which is the ground state wavefunction for a particle trapped inside of a cube with side
lengths 2π.

(a) Show that ∫ 2π

0

∫ 2π

0

∫ 2π

0

ψ2(x, y, z)dxdydz = 1

using the fact that ∫
sin2(u)du =

1

2
(u− sin(u) cos(u)).

This means there is a 100% chance of finding the particle in the box.

(b) Using some tool like Wolfram Alpha, compute the probability that the particle is in a
region in the center of the box, that is∫ 3π

2

π
2

∫ 3π
2

π
2

∫ 3π
2

π
2

ψ2(x, y, z)dxdydz.

Problem 2. Roughly speaking, when a vector field E(x, y, z) has no curl, there exists a
function called the potential field so that

∇V (x, y, z) = E(x, y, z).

This specifically shows up in electromagnetism. Here, think of E as the electric field and V
as the voltage.

(a) Let

E(x, y, z) =

yz + 1
xz + 1
xy + 1


Show that

∇× E = 0.

(b) Since ∇× E = 0, we can construct the potential function V (x, y, z) by integration. Do
this and notice that V (x, y, z) is determined up to a constant.
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Problem 3. When working in different coordinate systems, we have to pay attention to
how the volume (or area) elements change. In the cartesian coordinates, the volume element
is an infinitesimal cube with volume dV = dxdydz. In other coordinate systems, the volume
element looks different.

The cartesian area element is dA = dxdy but the polar area element is dA = rdrdφ. How
do we find this? We recall the coordinate transformation is

x(r, φ) = r cosφ

y(r, φ) = r sinφ

and compute the Jacobian of this transformation by

J(r, φ) =

[
∂x
∂r

∂x
∂φ

∂y
∂r

∂y
∂φ

]
.

The determinant of this Jacobian then helps us find the volume element in the new coordi-
nates.

(a) Compute J(r, φ).

(b) Compute det(J(r, φ)) and show that you get

det(J(r, φ)) = r

which means that the polar volume element is

| det(J(r, φ))|drdφ = rdrdφ.

Problem 4. We can compute the volume contained inside of a sphere of radius R by taking∫ 2π

0

∫ π

0

∫ R

0

r2 sin θdrdθdφ =
4

3
πR3.

Compute this.
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